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X € P(V) nondegenerate projective variety.
RANK: R[v] = Rx[v] =min{r e N: v =x1 +--- + x,, [xj] € X}
RANK SETS: X, = {[v] e (V) : R[v] =r}

SECANT VARIETIES: ¥, = UXs = U Pl ... %)

s<r X150y Xr €X

BORDER RANK: R[v] = Ry[v] = min{r e N: [v] € £,}
X CP(V) is tame, if Rx = Rx
X CP(V)is r-tame, if X, = |J Xs

s<r

Remark: Rx and Ry are Aut(X)-invariant, so
Aut(X) acts on X, and %,.
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Classical examples: Matrices

P(C™ ® C") D Segre(P™ ! x P"~1) = {[A] : 1kA =1} =: X
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Classical examples: Matrices
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Classical examples: Skew-symmetric forms
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Further examples

Tensor rank:
P(Vi ®...® Vi) D Segre(P(V4) x ... x P(Vy)) =: X simple tensors.

T=u30vi®.0wW+ .4+ U QV,R..Qw,

Aut(X) = SL(V4) x ... x SL(V4)
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Further examples

Tensor rank:
P(Vi ®...® Vi) D Segre(P(V4) x ... x P(Vy)) =: X simple tensors.

T=u30vi®.0wW+ .4+ U QV,R..Qw,

Aut(X) = SL(V4) x ... x SL(V4)

Waring rank of polynomials:
P(SKC") O Ver (P"1) =: X powers of linear forms.

P=Lf+..+Lk

Aut(X) = SL,
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A wild one: the twisted cubic

V =53C? X=Ven(P!)CP(V), G=Aut(X)=SL,.
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A wild one: the twisted cubic

V =53C? X=Ven(P!)CP(V), G=Aut(X)=SL,.
Orbits: P(V) = X U X, LI X3, where, if x,y € C2 is a basis,
X = G[x%]

Xo = G[x® + y3] = {[L1L2L3] : [L;] € P! distinct}

X3 = G[x%y]
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A wild one: the twisted cubic

V =53C? X=Ven(P!)CP(V), G=Aut(X)=SL,.
Orbits: P(V) = X U X, LI X3, where, if x,y € C2 is a basis,
X = G[x%]

Xo = G[x® + y3] = {[L1L2L3] : [L;] € P! distinct}

X3 = G[x%y]

P(V)=X,=%,>5%Xs.  WILD.

Remark: X3 = TX C ¥, = P(V)
The tangental variety is the wilderness.
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General setting

G semisimple complex Lie group
V = V) irreducible G-module

X C P(V) closed G-orbit; X = G[vy] = G/P

Question: When is X tame?
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Subminuscule varieties

X C P(V) is called subminuscule if Aut(X) — GL(V) is the
semisimple part of the isotropy representation of an irreducible
Hermitean symmetric space.

Theorem [Landsberg et al]
If X C P(V) is subminuscule, then it is tame and
X, are exactly the Aut(X)-orbits in P(V).
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Subminuscule varieties

X C P(V) is called subminuscule if Aut(X) — GL(V) is the
semisimple part of the isotropy representation of an irreducible
Hermitean symmetric space.

Theorem [Landsberg et al]
If X C P(V) is subminuscule, then it is tame and
X, are exactly the Aut(X)-orbits in P(V).

Remark: If G acts spherically on P(V), then X C P(V) is
subminuscule and hence tame. Furthermore,
Max(Rx) = rank a,(x)(P(V)).

Valdemar V. Tsanov (Ruhr-Universitat Bochum) TAME SECANT VARIETIES



Method of proof

0) X5 has an open G-orbit G[vy + V)]
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Method of proof

0) X5 has an open G-orbit G[vy + V)]
1) ¥ =X, U TX, and wild life hides in TX.

2) If V/ is tame, then height(\) < 2.
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Method of proof

0) X5 has an open G-orbit G[vy + V)]
1) ¥ =X, U TX, and wild life hides in TX.
2) If V/ is tame, then height(\) < 2.

3) If V) is tame and A = 71 + mp, with 7; fundamental,
then G is transitive on P(Vy,) and on P(V;,),

hence G = SL, (or Sp,) and V = C" or S2C" or sl,,,
or G = SLy, x SL, (or Spm X Spp)and V =C™ & C".
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Method of proof

0) X5 has an open G-orbit G[vy + V)]
1) ¥ =X, U TX, and wild life hides in TX.
2) If V/ is tame, then height(\) < 2.

3) If V) is tame and A = 71 + mp, with 7; fundamental,
then G is transitive on P(Vy,) and on P(V;,),

hence G = SL, (or Sp,) and V = C" or S2C" or sl,,,
or G = SLy, x SL, (or Spm X Spp)and V =C™ & C".

2) and 3) reduce the study to fundamental representations.
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Method of proof

4) “Chopping”: Let G C G bea Levy subgroup and A= )‘|G'
If V;\ is wild, then V) is wild.
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Method of proof

4) “Chopping”: Let G C G bea Levy subgroup and A= )‘|G'
If V;\ is wild, then V) is wild.

5) Base cases:

(SLg, ASCS),

(SO, N2C™), (Spin,, RSpin,) for n < 12,
(Span, N3C2"), (Sps, N3C®),

(Fa; Vi), (Fa, Vir,),

(E7, Viy)-
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Classification theorem (representations)

The tame irreducible representations are:

Group G Representation V
o (Cn’ ((Cn)*’ (/\2((:”), (/\2((:”)*,
n S2Cn, (S2CM)*, sl,
SO, C", RSpin,(n < 10)
5p2n C2n7 /\8@2n7 52@2n ~ sPo,
E6 ((:277 ((C27)*
Fa c®
G T’
SL,, x SL, Cm"gC"
SLm X Spon C" & C2
Sp2m X 5p2n sz ¢ (C2n
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Classification theorem (varieties)

The tame homogeneous projective varieties are:

Notation for X Ambient P(V) | Aut(X) Max Rx

P(C") P(C") SL, 1
Ver,(P(C")) P(SC") SL, n
Gra(C™) P(A2C") SL, 15]
FI(1,n—1;C") P(sl,) SL, n
Q"2 P(C") SO, 2

Slo ]P)((CIG) 5pin10 2
Gr,(2,C?") P(A3C?") Span n
ETS P(C?7) [2 3

FT5 P(C%) Fa 3

Segre(P(C™) x P(C™)) | P(C"®C") | SLm x SL, | min{m, n}
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1) X is tame <= X is 2-tame.
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1) X is tame <= X is 2-tame.

2) X C P(V) is tame <= X is either subminuscule, or

X c P(V) is a hyperplane section in a subminuscule X ¢ P(V).
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1) X is tame <= X is 2-tame.

2) X C P(V) is tame <= X is either subminuscule, or

X c P(V) is a hyperplane section in a subminuscule X ¢ P(V).

3) f X C P(V) is tame, then I(X,) is generated in degree r + 1
by the (r — 1)-th prolongation (h(X) ® ST~1v*)n Sy,
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THE END

THANK YOU FOR THE ATTENTION!
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