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Definitions

X ⊂ P(V ) nondegenerate projective variety.

RANK: R[v ] = RX[v ] = min{r ∈ N : v = x1 + · · ·+ xr , [xj ] ∈ X}

RANK SETS: Xr = {[v ] ∈ P(V ) : R[v ] = r}

SECANT VARIETIES: Σr =
⋃
s≤r

Xs =
⋃

x1,...,xr∈X
P〈x1, ..., xr 〉

BORDER RANK: R[v ] = RX[v ] = min{r ∈ N : [v ] ∈ Σr}

X ⊂ P(V ) is tame, if RX = RX

X ⊂ P(V ) is r -tame, if Σr =
⋃
s≤r

Xs

Remark: RX and RX are Aut(X)-invariant, so
Aut(X) acts on Xr and Σr .

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Definitions

X ⊂ P(V ) nondegenerate projective variety.

RANK: R[v ] = RX[v ] = min{r ∈ N : v = x1 + · · ·+ xr , [xj ] ∈ X}

RANK SETS: Xr = {[v ] ∈ P(V ) : R[v ] = r}

SECANT VARIETIES: Σr =
⋃
s≤r

Xs =
⋃

x1,...,xr∈X
P〈x1, ..., xr 〉

BORDER RANK: R[v ] = RX[v ] = min{r ∈ N : [v ] ∈ Σr}

X ⊂ P(V ) is tame, if RX = RX

X ⊂ P(V ) is r -tame, if Σr =
⋃
s≤r

Xs

Remark: RX and RX are Aut(X)-invariant, so
Aut(X) acts on Xr and Σr .

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Definitions

X ⊂ P(V ) nondegenerate projective variety.

RANK: R[v ] = RX[v ] = min{r ∈ N : v = x1 + · · ·+ xr , [xj ] ∈ X}

RANK SETS: Xr = {[v ] ∈ P(V ) : R[v ] = r}

SECANT VARIETIES: Σr =
⋃
s≤r

Xs =
⋃

x1,...,xr∈X
P〈x1, ..., xr 〉

BORDER RANK: R[v ] = RX[v ] = min{r ∈ N : [v ] ∈ Σr}

X ⊂ P(V ) is tame, if RX = RX

X ⊂ P(V ) is r -tame, if Σr =
⋃
s≤r

Xs

Remark: RX and RX are Aut(X)-invariant, so
Aut(X) acts on Xr and Σr .

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Definitions

X ⊂ P(V ) nondegenerate projective variety.

RANK: R[v ] = RX[v ] = min{r ∈ N : v = x1 + · · ·+ xr , [xj ] ∈ X}

RANK SETS: Xr = {[v ] ∈ P(V ) : R[v ] = r}

SECANT VARIETIES: Σr =
⋃
s≤r

Xs =
⋃

x1,...,xr∈X
P〈x1, ..., xr 〉

BORDER RANK: R[v ] = RX[v ] = min{r ∈ N : [v ] ∈ Σr}

X ⊂ P(V ) is tame, if RX = RX

X ⊂ P(V ) is r -tame, if Σr =
⋃
s≤r

Xs

Remark: RX and RX are Aut(X)-invariant, so
Aut(X) acts on Xr and Σr .

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Definitions

X ⊂ P(V ) nondegenerate projective variety.

RANK: R[v ] = RX[v ] = min{r ∈ N : v = x1 + · · ·+ xr , [xj ] ∈ X}

RANK SETS: Xr = {[v ] ∈ P(V ) : R[v ] = r}

SECANT VARIETIES: Σr =
⋃
s≤r

Xs =
⋃

x1,...,xr∈X
P〈x1, ..., xr 〉

BORDER RANK: R[v ] = RX[v ] = min{r ∈ N : [v ] ∈ Σr}

X ⊂ P(V ) is tame, if RX = RX

X ⊂ P(V ) is r -tame, if Σr =
⋃
s≤r

Xs

Remark: RX and RX are Aut(X)-invariant, so
Aut(X) acts on Xr and Σr .

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Definitions

X ⊂ P(V ) nondegenerate projective variety.

RANK: R[v ] = RX[v ] = min{r ∈ N : v = x1 + · · ·+ xr , [xj ] ∈ X}

RANK SETS: Xr = {[v ] ∈ P(V ) : R[v ] = r}

SECANT VARIETIES: Σr =
⋃
s≤r

Xs =
⋃

x1,...,xr∈X
P〈x1, ..., xr 〉

BORDER RANK: R[v ] = RX[v ] = min{r ∈ N : [v ] ∈ Σr}

X ⊂ P(V ) is tame, if RX = RX

X ⊂ P(V ) is r -tame, if Σr =
⋃
s≤r

Xs

Remark: RX and RX are Aut(X)-invariant, so
Aut(X) acts on Xr and Σr .

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Definitions

X ⊂ P(V ) nondegenerate projective variety.

RANK: R[v ] = RX[v ] = min{r ∈ N : v = x1 + · · ·+ xr , [xj ] ∈ X}

RANK SETS: Xr = {[v ] ∈ P(V ) : R[v ] = r}

SECANT VARIETIES: Σr =
⋃
s≤r

Xs =
⋃

x1,...,xr∈X
P〈x1, ..., xr 〉

BORDER RANK: R[v ] = RX[v ] = min{r ∈ N : [v ] ∈ Σr}

X ⊂ P(V ) is tame, if RX = RX

X ⊂ P(V ) is r -tame, if Σr =
⋃
s≤r

Xs

Remark: RX and RX are Aut(X)-invariant, so
Aut(X) acts on Xr and Σr .

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Classical examples: Matrices

P(Cm ⊗ Cn) ⊃ Segre(Pm−1 × Pn−1) = {[A] : rkA = 1} =: X

Aut(X) = SLm × SLn

Every matrix of rank r is a sum of r matrices of rank 1.

R = rk

Xr = {[A] : rkA = r} is one SLm × SLn-orbit.

Σr = {[A] : rkA ≤ r} = zero-locus of (r + 1)× (r + 1)-minors.

TAME.
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Classical examples: Quadratic forms

P(S2Cn) ⊃ Ver2(Pn−1) = {[v2] : v ∈ Cn} =: X

Aut(X) = SLn

Every quadratic form is diagonalizable: q = z21 + ...+ z2r .

R = rk

Xr is one SLn-orbit.

Σr = {[q] : rk(q) ≤ r} = zero-locus of (r + 1)× (r + 1)-minors.

TAME.
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Classical examples: Skew-symmetric forms

P(Λ2Cn) ⊃ Gr2(Cn) = {[v ∧ w ] : v ,w ∈ Cn} =: X

Aut(X) = SLn

Every skew-symmetric bilinear form can be written as:
q = v1 ∧ w1 + ...+ vr ∧ wr .

R = 1
2rk

Xr is one SLn-orbit.

Σr = {[q] : rk(q) ≤ 2r} = zero-locus of (2r + 2)× (2r + 2)-minors.

TAME.

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Classical examples: Skew-symmetric forms

P(Λ2Cn) ⊃ Gr2(Cn) = {[v ∧ w ] : v ,w ∈ Cn} =: X

Aut(X) = SLn

Every skew-symmetric bilinear form can be written as:
q = v1 ∧ w1 + ...+ vr ∧ wr .

R = 1
2rk

Xr is one SLn-orbit.

Σr = {[q] : rk(q) ≤ 2r} = zero-locus of (2r + 2)× (2r + 2)-minors.

TAME.

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Classical examples: Skew-symmetric forms

P(Λ2Cn) ⊃ Gr2(Cn) = {[v ∧ w ] : v ,w ∈ Cn} =: X

Aut(X) = SLn

Every skew-symmetric bilinear form can be written as:
q = v1 ∧ w1 + ...+ vr ∧ wr .

R = 1
2rk

Xr is one SLn-orbit.

Σr = {[q] : rk(q) ≤ 2r} = zero-locus of (2r + 2)× (2r + 2)-minors.

TAME.

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Classical examples: Skew-symmetric forms

P(Λ2Cn) ⊃ Gr2(Cn) = {[v ∧ w ] : v ,w ∈ Cn} =: X

Aut(X) = SLn

Every skew-symmetric bilinear form can be written as:
q = v1 ∧ w1 + ...+ vr ∧ wr .

R = 1
2rk

Xr is one SLn-orbit.

Σr = {[q] : rk(q) ≤ 2r} = zero-locus of (2r + 2)× (2r + 2)-minors.

TAME.

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Classical examples: Skew-symmetric forms

P(Λ2Cn) ⊃ Gr2(Cn) = {[v ∧ w ] : v ,w ∈ Cn} =: X

Aut(X) = SLn

Every skew-symmetric bilinear form can be written as:
q = v1 ∧ w1 + ...+ vr ∧ wr .

R = 1
2rk

Xr is one SLn-orbit.

Σr = {[q] : rk(q) ≤ 2r} = zero-locus of (2r + 2)× (2r + 2)-minors.

TAME.

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Classical examples: Skew-symmetric forms

P(Λ2Cn) ⊃ Gr2(Cn) = {[v ∧ w ] : v ,w ∈ Cn} =: X

Aut(X) = SLn

Every skew-symmetric bilinear form can be written as:
q = v1 ∧ w1 + ...+ vr ∧ wr .

R = 1
2rk

Xr is one SLn-orbit.

Σr = {[q] : rk(q) ≤ 2r} = zero-locus of (2r + 2)× (2r + 2)-minors.

TAME.

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Classical examples: Skew-symmetric forms

P(Λ2Cn) ⊃ Gr2(Cn) = {[v ∧ w ] : v ,w ∈ Cn} =: X

Aut(X) = SLn

Every skew-symmetric bilinear form can be written as:
q = v1 ∧ w1 + ...+ vr ∧ wr .

R = 1
2rk

Xr is one SLn-orbit.

Σr = {[q] : rk(q) ≤ 2r} = zero-locus of (2r + 2)× (2r + 2)-minors.

TAME.

Valdemar V. Tsanov (Ruhr-Universität Bochum) TAME SECANT VARIETIES



Further examples

Tensor rank:
P(V1⊗ ...⊗Vk) ⊃ Segre(P(V1)× ...×P(Vk)) =: X simple tensors.

T = u1 ⊗ v1 ⊗ ...⊗ w1 + ...+ ur ⊗ vr ⊗ ...⊗ wr

Aut(X) = SL(V1)× ...× SL(Vk)

Waring rank of polynomials:
P(SkCn) ⊃ Verk(Pn−1) =: X powers of linear forms.

P = Lk1 + ...+ Lkr

Aut(X) = SLn
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A wild one: the twisted cubic

V = S3C2, X = Ver3(P1) ⊂ P(V ), G = Aut(X) = SL2.

Orbits: P(V ) = X t X2 t X3, where, if x , y ∈ C2 is a basis,

X = G [x3]

X2 = G [x3 + y3] = {[L1L2L3] : [Lj ] ∈ P1 distinct}

X3 = G [x2y ]

P(V ) = X2 = Σ2 ⊃ X3. WILD.

Remark: X3 = TX ⊂ Σ2 = P(V )
The tangental variety is the wilderness.
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General setting

G semisimple complex Lie group

V = Vλ irreducible G -module

X ⊂ P(V ) closed G -orbit; X = G [vλ] ∼= G/P

Question: When is X tame?
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Subminuscule varieties

X ⊂ P(V ) is called subminuscule if Aut(X)→ GL(V ) is the
semisimple part of the isotropy representation of an irreducible
Hermitean symmetric space.

Theorem [Landsberg et al]

If X ⊂ P(V ) is subminuscule, then it is tame and

Xr are exactly the Aut(X)-orbits in P(V ).

Remark: If G acts spherically on P(V ), then X ⊂ P(V ) is
subminuscule and hence tame. Furthermore,
Max(RX) = rankAut(X)(P(V )).
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Method of proof

0) Σ2 has an open G -orbit G [vλ + vw0λ].

1) Σ2 = X2 ∪ TX, and wild life hides in TX.

2) If Vλ is tame, then height(λ) ≤ 2.

3) If Vλ is tame and λ = π1 + π2, with πj fundamental,

then G is transitive on P(Vπ1) and on P(Vπ2),

hence G = SLn (or Spn) and V = Cn or S2Cn or sln,

or G = SLm × SLn (or Spm × Spn)and V = Cm ⊗ Cn.

2) and 3) reduce the study to fundamental representations.
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3) If Vλ is tame and λ = π1 + π2, with πj fundamental,

then G is transitive on P(Vπ1) and on P(Vπ2),

hence G = SLn (or Spn) and V = Cn or S2Cn or sln,

or G = SLm × SLn (or Spm × Spn)and V = Cm ⊗ Cn.

2) and 3) reduce the study to fundamental representations.
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Method of proof

4) “Chopping”: Let G̃ ⊂ G be a Levy subgroup and λ̃ = λ|G̃ .

If Vλ̃ is wild, then Vλ is wild.

5) Base cases:

(SL6,Λ
3C6),

(SOn,Λ
2Cn), (Spinn,RSpinn) for n ≤ 12,

(Sp2n,Λ
2
0C2n), (Sp6,Λ

3
0C6),

(F4,Vπ1), (F4,Vπ2),

(E7,Vπ1).
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Classification theorem (representations)

The tame irreducible representations are:

Group G Representation V

SLn
Cn, (Cn)∗, (Λ2Cn), (Λ2Cn)∗,

S2Cn, (S2Cn)∗, sln
SOn Cn,RSpinn(n ≤ 10)

Sp2n C2n,Λ2
0C2n, S2C2n ∼= sp2n

E6 C27, (C27)∗

F4 C26

G2 C7

SLm × SLn Cm ⊗ Cn

SLm × Sp2n Cm ⊗ C2n

Sp2m × Sp2n C2m ⊗ C2n
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Classification theorem (varieties)

The tame homogeneous projective varieties are:

Notation for X Ambient P(V ) Aut(X) Max RX
P(Cn) P(Cn) SLn 1

Ver2(P(Cn)) P(S2Cn) SLn n

Gr2(Cn) P(Λ2Cn) SLn bn2c
Fl(1, n − 1;Cn) P(sln) SLn n

Qn−2 P(Cn) SOn 2

S10 P(C16) Spin10 2

Grω(2,C2n) P(Λ2
0C2n) Sp2n n

E16 P(C27) E6 3

F15 P(C26) F4 3

Segre(P(Cm)× P(Cn)) P(Cm ⊗ Cn) SLm × SLn min{m, n}
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Remarks

1) X is tame ⇐⇒ X is 2-tame.

2) X ⊂ P(V ) is tame ⇐⇒ X is either subminuscule, or

X ⊂ P(V ) is a hyperplane section in a subminuscule X̃ ⊂ P(Ṽ ).

3) If X ⊂ P(V ) is tame, then I (Σr ) is generated in degree r + 1

by the (r − 1)-th prolongation (I2(X)⊗ S r−1V ∗) ∩ S r+1V ∗.
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THE END

THANK YOU FOR THE ATTENTION!
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